We present a new application of the stochastic parallel gradient descent (SPGD) algorithm to fast active phase control in a Fourier synthesis system. Pulses (4.9 ns) with an 80 MHz repetition rate are generated by feedback from a single phase-sensitive metric. Phase control is applied via fast current modulation of a tapered amplifier using an SPGD algorithm realized on a field-programmable gate array (FPGA). The waveforms are maintained by constant active feedback from the FPGA. We also discuss the extension of this technique to many more semiconductor laser emitters in a diode laser array.
INTRODUCTION
Active phase control techniques have found application in many facets of adaptive optics, ranging from atmospheric wavefront compensation for astronomical images to coherent beam combining systems for maximizing the power output of both cw and pulsed laser arrays. Use of the stochastic parallel gradient descent (SPGD) algorithm has been instrumental in the growth of adaptive optics due to its efficiency, model-free optimization performance, stable operation from a single system performance metric, and strong scalability to large numbers of elements [1, 2] . Adaptive wavefront correction using SPGD with over 100 channels has been demonstrated on a variety of wavefront correctors, including deformable mirrors [3] and micromechanical mirror systems [4] . Still higher resolution wavefront correction has been achieved using phase-correcting liquid crystal spatial light modulators using Zernike polynomials as influence functions [5] . Combined beam steering and adaptive wavefront correction projects using SPGD for laser weapons and sensing systems are also in development [6] .
In coherent beam combining systems, the SPGD algorithm has corrected piston phase drifts for up to 218 different laser elements [2] and consistently demonstrated highly scalable phase control with high coherence through a number of experimental metrics [2, 7, 8] . The technique has been applied to diode lasers as well as fiber lasers and fiber amplifiers, generating as much as 4 kW from an SPGD-combined fiber amplifier array with 78% combining efficiency [8] . These results, while impressive, have been limited to combining laser elements at the same frequency, optimizing a spatial intensity profile to generate high-power cw output or improved beam quality. In this paper we report on the application of the SPGD algorithm to a phase control system in a Fourier synthesis architecture, where active phase control is instead used to generate pulses from frequency-separated cw light.
In the same way that optical pulses are analyzed by being broken down into their constituent sine-wave frequencies (Fourier analysis), these same sine-waves can be combined together in-phase to instead generate the original pulses (Fourier synthesis). The Fourier synthesis technique is particularly attractive for time-resolved measurements and optical communication due to its direct control over both repetition rate and pulse width within the system time-bandwidth product. Optical pulse generation by Fourier synthesis was first demonstrated in 1977 [9] , but was limited in scale by the necessity for individual detectors for every emitter. Semiconductor lasers were first used for pulse synthesis by Mukai et al. [10] using a nonlinear phase-locking process, but again lacked scalability, as each additional emitter required an additional nonlinear crystal and optical phase-locked loop (OPLL) system [11] . Experiments by Futami and Kikuchi [12] , and Hyodo et al. [13] generating phase-locked frequencies through four-wave mixing had similar issues with extending the technique.
Here we report on a direct-diode phase control system using a single linear phase-sensitive metric, controlled though an SPGD algorithm implemented on a field-programmable gate array (FPGA) controller. This technique uses a narrow-linewidth source separated by acousto-optic modulators (AOMs) into three cw beams and Fourier combined into a stable 80 MHz pulse train. The waveform of the pulse train is maintained over a prolonged period by fast active feedback from an FPGA controller receiving cost function data from the single linear phasesensitive metric. It should be noted that although here we apply the SPGD algorithm to the control of only one element, many experiments have demonstrated straightforward scaling of the SPGD phase control system to multiple elements in a variety of systems. The primary improvement enabled by the FPGA with the SPGD algorithm is the ability to perform multiple locks with a single performance metric. In contrast, an OPLL scheme would require a detector and servo filter for each additional emitter. We focus on one element here solely as a proof-of-concept, not due to a restriction of the Fourier synthesis phase control strategy. Phase control of light at different frequencies represents a new application space for active feedback using the SPGD algorithm.
While this approach only addresses the phase control aspects of such a pulse generation system, a more scalable frequency separation technique is currently being developed which will also be applicable to lasers from which it has been traditionally difficult to obtain pulsed output, such as quantum cascade lasers. This approach makes use of a diode laser array in a frequency-selective external cavity to set the frequency separation, along with a stable, high finesse cavity and EOM-based optical comb generator as a reference, with frequency locking through active SPGD stabilization of emission lines to cavity transmission resonances. Such a frequency separation system is scalable with minor alterations for many more elements, but is beyond the scope of this paper. Our research lays the groundwork for such a system by demonstrating effective single-element phase control of a multifrequency system through model-free optimization with a fast FPGA controller.
EXPERIMENTAL SETUP
The beam combining experimental setup is shown in Fig. 1 . A single-mode antireflection-coated 780 nm laser diode in Littrow configuration, the "master laser," is coupled into a 1 W GaAs tapered amplifier (TA). With minimal temperature and mechanical stabilization the master laser has a linewidth of ∼1 MHz and cw output power of 25 mW. Amplified light out of the first TA (TA1) encounters a polarizing beam cube, where one arm is split off to seed a second tapered amplifier of the same model. Where the first tapered amplifier is used to provide enough power to downstream components to ensure usable signal-to-noise ratio, the second TA provides both optical gain and a controllable current-modulated phase shift through thermal variation of the refractive index of the tapered amplifier chip [14] . Spatial variations in the beams are considered to be stable over the time scales involved, contributing minimally to the observed phase excursions. After this amplification/phase-control stage, the single-frequency light passes through two acousto-optic modulators (Gooch and Housego model R23080-2-LTD) [15] , which shift the light into three beams separated in frequency by 80 MHz, forming f 0 , f 1 f 0 − 80 MHz, and f 2 f 0 80 MHz. The phase of frequency f 1 is then controlled again by a piezo-driven delay stage before being superimposed on a common optical axis with the other two beams, forming the pulse train. The characteristics of the Fourier synthesized waveform are determined using a series of Si photodetectors.
Due to the amplitude-sensitive phase locking requirements of the FPGA controller algorithm and the high operating frequency of the AOM driver compared to the FPGA clock frequency (50 MHz), two detection signals must be provided to the FPGA; the first provides the peak power and the second the average power. In order to determine the peak power, the maximum of the combined output is measured by half-wave rectification of an AC-coupled 1 GHz photodiode signal, forming a phase-dependent signal with a bandwidth of 160 kHz. Specifically, the rectified photodetector response is given by a maximum of the field intensity,
with field amplitude A 0 , center frequency ω 2πf 0 , frequency shift ω 0 2π × 80 MHz, and phase shift θ.
Simplifying this equation results in
which has its maximum intensity at t 2πn∕ω for n 0; 1; 2…, where
This low-frequency phase-dependent signal, which is directly proportional to the peak power, can then be read by the FPGA controller, where it is normalized to the range 0 to 1 and provides the cost function J 1 cos θ∕2 to be optimized with the SPGD algorithm. While this electronic fastphotodiode phase-dependent measurement system is appropriate for the 160 MHz bandwidth demonstrated here, wider bandwidth operation can be enabled through the use of a balanced autocorrelation scheme to form the cost function instead. The second detector measures the total average power of the combined beam with a 1.9 MHz bandwidth, passing this information to the FPGA controller as well. This experiment was not optimized for power combining efficiency [2, 8] , but rather for balanced overlap of individual beams. The measured combining efficiency of ∼30% could be improved with more careful engineering of the optical system. A third detector with a >1.2 GHz bandwidth provides fast direct waveform measurement monitored on a 1 GHz oscilloscope, not shown in the figure. This data is used for diagnostic purposes only. 
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To stabilize the phase and amplitude of the generated pulses, we use a dedicated FPGA with a threefold control mechanism. We implement the necessary active phase control through an SPGD algorithm, shown to provide robust control in many facets of adaptive optics [3, 5] . A slow, large amplitude SPGD algorithm applied to a piezo-driven delay stage at 80 Hz corrects for large slow fluctuations (0-40 Hz) in the phase between the three beams as measured by our cost function above. A faster smaller amplitude SPGD algorithm is applied instead to the drive current of TA2, operating at 12 kHz, to correct for smaller fast fluctuations (40-6000 Hz) in the phase.
The stochastic parallel gradient descent algorithm [3, 16, 17] in its most general form is
where u is the controller output, n the iteration number, δu the small random perturbation in the control output, δJ the resultant small change in the cost function, and the weighting parameter γ [16] . With random perturbations, the expectation value of the stochastic vector δJ∕δu approximates the true gradient of J. Jumps along that approximate gradient therefore iteratively optimize the cost function. We implement the SPGD algorithm for slow feedback to the piezo and faster feedback to the tapered amplifier. In the slow SPGD algorithm, u designates the piezo voltage, while u in the fast algorithm denotes the TA current. In both cases, the cost function J is given by the phase-dependent detector signal. The magnitude of the weighting parameter γ adapts with the proximity of the system to the extrema of the cost function, with γ increasing in strength as the cost function diverges from the ideal. This "adaptive" active control is designed to increase the convergence rate while minimizing the standard deviation of the cost function as described in [18] . With more elements, the only algorithmic change is a shift from single values to arrays of the relevant parameters. The same single cost function is used.
As the TA phase correction current adjustments also slightly alter the power emitted by the second TA, fast corrections to the total power (40 kHz) are made to the first TA to reduce the effect of this power-current relationship. These corrections are made using a tuned proportional-integral-derivative (PID) feedback loop controller also realized on the FPGA, where the gain coefficients of the PID loop were arrived at through standard Ziegler-Nichols tuning [19] . The 0.1 MHz AC-coupling in PD1 also acts to decrease the impact of total power fluctuations in the phase-dependent signal, though does not remove them entirely due to the nonlinear relationship of the average input power to the peak intensity signal from the half-wave rectifier.
EXPERIMENTAL RESULTS AND DISCUSSION
Synthesized waveforms given in Fig. 2 show in-phase and outof-phase operation at a frequency separation of 80 MHz. Theoretical curves for the waveforms given in Eq. (2) are also included, with phase separation θ 0; π. The RF spectrum of the fundamental in Fig. 3 demonstrates the >20 dB discrimination between in-phase and out-of-phase peaks, indicating the sufficiently balanced power between the three arms. These signals are amplified for peak discrimination using a 25 dB gain low-noise RF amplifier (ZFL-1000LN+, 2.9 dB noise figure) [15] . Analysis of this amplitude noise spectrum using a Von der Linde approach [20] in the noise burst model gives the width of the noise envelope at 5 kHz, corresponding to 8% intrinsic energy fluctuations in the pulses. These fluctuations can be explained completely by the 5 kHz linewidth of the RF driving frequency for the acousto-optic modulator.
The phase noise spectral density (PNSD) of the system is shown in Fig. 4 . By splitting off the AOM driver frequency and mixing it with the 80 MHz photodiode signal in an IQ mixer architecture we were able to measure the phase noise from 1 Hz up to 1 MHz in the tapered amplifier-piezo delay stage (TA2, PDS) arm, the frequency separation arm with only passive optical media (mirrors, beam splitters), and the AOM drive signal itself to act as a noise baseline [21] . Data was recorded at 1 MS/s over 20 s using a Tektronix MDO 4104B-6 oscilloscope [15] , where the PNSD was approximated Fig. 2 . Synthesized waveforms from Fourier combined beams with single pulse inset. In-phase corresponds to Δφ 0, where Δφ describes the phase difference between the beat note f 0 − f 1 and the beat note f 0 − f 2 . Out-of-phase refers to Δφ π. Deviations of the experimental results from calculated waveforms are primarily due to power imbalances between beams. Fig. 3 . RF beat note spectrum for Δφ 0 (in-phase) and π (out-of-phase). Note large 20 dB discrimination between in-phase and out-of-phase peaks as well as narrow linewidth noise envelope given by radio-frequency driver for acousto-optic modulators.
with a periodogram smoothed to reduce measurement noise. This PNSD measurement of the individual arms of the Fourier synthesis system is analogous to a phase-noise analysis of an actively mode-locked diode laser.
In Fig. 4 , the phase noise present in the primary control arm (TA2, PDS) is compared with the noise in the arm which interacts with only mirrors as well as the bare drive signal to the AOM. The majority of phase noise activity is present at low (∼0-40 Hz) and medium operating frequencies (40-6000 Hz), as indicated by the dashed lines in Fig. 4 . Lowfrequency terms are present in both of the measured beams, while stronger mid-range peaks can be seen in the TA2, PDS spectral density. This suggests that low-frequency phase noise is primarily a result of thermal and mechanical effects in the mirrors present in both arms as well as free space eddies, and 100-1000 Hz phase noise originates primarily in the tapered amplifier. The vertical dashed lines in the figure demonstrate the motivation for the operating bandwidth of the piezo delay stage and tapered amplifier controllers. The 80 Hz PDS encompasses most large slow fluctuations, and the 12 kHz TA controller handles medium strength, mid-frequency-range phase noise. This 12 kHz maximum operating speed is in no way restricted by the operating rate of the FPGA system used, which can reach 780 kHz with the possibility for more advanced systems to extend to the gigahertz range. The relatively slow operating regime here was selected to be the minimum speed required to encompass the majority of the noise, as shown in Fig. 4 , while maximizing the amount of FPGA signal averaging available to reduce measurement noise. Alternatively, when phase fluctuations of different components are being controlled and the system is in a closed-loop state, the cost function normalized to its experimentally derived maximum stays close to one. For a completely uncontrolled system, the standard deviation of the cost function (proportional to the cosine of the phase as J 1 cos θ∕2) approaches σ 1∕2 ffiffi ffi 2 p , or ∼0.353. This value is close to the measured open-loop standard deviation of 0.33. In the closed-loop state, the standard deviation of the cost function improves by over an order of magnitude to 0.032, with remaining deviations arising from the SPGD dither.
CONCLUSIONS
We have experimentally demonstrated the application of an SPGD-based active phase control system to an optical pulse train generator based on the Fourier synthesis of AOMseparated light obtained from an amplified narrow-linewidth cw semiconductor seed laser. We controlled the amplitude and phase of one frequency component using an SPGD implemented on a dedicated FPGA board, and successfully generated a pulse train with an 80 MHz repetition rate and 4.9 ns pulse width with an order of magnitude improvement in phase stability. With a suitable frequency separation system, the transition to an array of independent cw lasers would allow for straightforward scaling of the phase control system, with phase noise limited by the bandwidth of the FPGA feedback. 
